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Abstract 
Subcodes of some known maximal self-orthogonal codes and optimal self-dual codes of length n between 9 and 22 
over F5  are studied. Using  a random search algorithm, we  construct subcodes with given dual distance 2, 3, 4, 5 and 
6 from these known codes, and discuss code chains formed by obtained subcodes and their dual codes. Based on 
these obtained code chains, we construct many quantum codes of distance 3, 4, 5, 6 and 8 by using of Steane's 
construction, some of these quantum codes are present known best codes. 
© 2011 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of Harbin University 
of Science and Technology 
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1. Introduction 
Since the pioneer work of shor [1] and Steane [2], the theory of quantum-error-correcting developed 
rapidly. The most studied quantum codes are binary stabilizer codes, see [3], [4] and references therein. 
And for short length n (≤64), many optimal binary quantum stabilizer codes are know and are collected 
in Grassel’s tables [5]. For nonbinary quantum stabilizer code, there are also many results which are 
constructed from classical nonbinary cyclic codes, BCH codes and  Reed Muller codes etc.. However, 
less attention is paid on the construction nonbinary quantum codes with short length. In this paper, we 
will construct many new 5-nary quantum codes from self-orthogonal code over 5F , where 5F is the 
finite field with five element. 
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Quantum stabilizer codes can be constructed from classical codes by CSS construction, CRSS 
construction and Steane’s construction. The Steane construction for nonbinary stabilizer codes were given 
by Hamada and Ling respectively [6-7]. 
Lemma  ( Steane's Construction [6-7] )  Let C  and 'C  be  qdkn ],,[  and qdkn ],,[ 11  codes over 
qF  respectively.  If  'CCC ⊂⊂⊥  and 21 +≥ kk , then there is a quantum code  
qdq
q
dnkkn }]]
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 To construct quantum codes via Steane's Construction , Ref. [8] give the definition of  S-chain over 
2F , similarly the definition of  S-chain over qF  can be given as follow. 
Definition.  Let [ , , ] ( 1, 2, , )i i i qC n k d i m= = L .
(1) If  1 1i i iC C C
⊥
+ +⊂ ⊂ and 1 1i ik k+ ≥ + ,then code chain 1 1m mC C C−⊂ ⊂L  is called S-chain. 
(2) If 1 2i ik k+ ≥ + , the S-chain in (1) is called strictly. 
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If a generate matrix of code C has the form [ , ]I R , then code C is double circulant (dc). If generate 
matrix of code C has the form [ , ']I R , then code C is quasi-twisted (qt) or η -circulant code. If 1η = − ,
the code is called nega-circulant. In the following we deal with  nega-circulant code . Cyclic self-dual 
codes over small field were given in [9]. In  this paper we study the subcode of these self-dual code of 
length n between 10 and 22 over 5F  , denote them as 221210 ,,, CCC L  respectively,  the construction of 
these codes are given in table 1 below. 
Table 1. Construction of self-dual code over 5F
length, type Construction length, type Construction length, type Construction length, type Construction
10 dc 34312 12 qt 434330 14 dc 4131440 16 qt 11220342 
length, type Construction length, type Construction length, type Construction   
18 dc 422241200 20 dc 3340404230 22 dc 31200320223   
We get the generate matriices of maximal orthogonal codes by deleting the first row and first column 
of the generate matriices of 221210 ,,, CCC L ,  denote them as 21119 ,,, CCC L  . Using a random search 
algorithm [10], we  construct subcodes with given dual distance 2, 3, 4, 5 and 6 from generator matrices 
of these self-dual codes and maximal self-orthogonal codes, and discuss code chains formed by these 
optimal self-dual codes  or self-orthogonal subcodes and their dual codes. Based on these obtained code 
chains, we construct many quantum codes of distance 3, 4, 5, 6 and 8 by using of Steane's construction. 
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2. Subcodes chain of self-dual codes over 5F  and s-chains 
Let C  be a 5],,[ dmn  self-dual code with generator matrix CG , a k -dimensional subcode D  of C
has a generator matrix DG , then CCD GBG = , where CB  is a matrix of rank k over 5F  and is called 
coefficient matrix of D . The weight polynomial of D  can be calculated from DG , and  the dual 
distance of D  can be obtained by MacWillimas identities. Using a random search algorithm [10], 
searching results of subcodes of  self-dual codes can be summarized as follows. 
Theorem 1   Let n  be even and 2210 ≤≤ n . Then there are the following code chains of self-
orthogonal codes: 
(1) 555 ]6,4,10[]6,3,10[]10,1,10[ ⊂⊂ , with dual distance  be 2, 3, 4; 
(2) 5555 ]6,5,12[]6,4,12[]8,3,12[]12,1,12[ ⊂⊂⊂ , with dual distance  be 2, 3, 4, 4; 
(3) 55555 ]6,6,14[]6,5,14[]8,4,14[]10,3,14[]14,1,14[ ⊂⊂⊂⊂ ,with dual distance  be 2, 3, 4, 4, 
5;
(4) 555 ]8,5,16[]11,3,16[]16,1,16[ ⊂⊂ 55 ]7,7,16[]7,6,16[ ⊂⊂ , with dual distance  be 2, 3, 4, 5, 
5;
(5) 555555 ]7,8,18[]8,7,18[]9,6,18[]9,5,18[]13,3,18[]18,1,18[ ⊂⊂⊂⊂⊂ , with dual distance 
be 2, 3, 4, 5, 5, 6; 
(6) 55555 ]8,9,20[]8,8,20[]8,7,20[]11,5,20]14,3,20[ ⊂⊂⊂⊂ , with dual distance  be 3, 4, 5, 
5, 6;  
(7) 5555 ]8,9,22[]10,7,22[]12,5,22]16,3,22[ ⊂⊂⊂ , with dual distance  be 3, 4, 5, 6. 
Proof. We use 22C  as an example to explain these subcodes chain. A k -dimensional subcode 22D
of 22C  has a generator matrix 22G , then 2222GBGD = , where 22B  is given in Table 2. It is easy to 
check that DG generate a code of dual distance 6 , the first 7 rows of DG generate a code of dual 
distance 5, the first 5 rows of DG generate a code of dual distance 4, the first 3 rows of DG generate a 
code of dual distance 3. Thus (7) is proved. The other cases can be proved similarly. 
Table 2. Coefficient matrices of generator matrices of subcodes  
10B 12B 14B 16B 18B 20B 22B
3,2,3,2,4 
2,2,4,2,4 
2,3,0,2,0 
1,4,0,3,0 
2,1,2,2,3,0
0,1,4,2,0,1
3,2,3,0,3,3
3,0,1,4,0,0
0 3 3 2 2 0
4,1,1,4,3,0,3 
3,4,1,2,0,2,4 
4,4,4,2,3,0,2 
0,1,3,1,3,3,2 
0,4,1,3,3,2,2 
0,4,3,4,0,1,0 
0,1,3,3,1,1,1,1
3,1,3,4,2,0,0,3
4,1,1,4,1,3,0,4
2,1,1,0,3,1,2,2
3,0,3,3,1,4,4,3
1,1,1,3,1,4,2,3
0,1,1,4,3,1,0,0
3,4,2,4,1,3,4,1,0
1,4,0,4,2,0,3,4,2
4,3,2,1,1,1,1,3,0
4,0,2,2,3,2,0,1,2
3,4,1,0,1,1,4,3,2
4,1,0,3,3,1,4,0,3
2,2,0,3,2,4,3,4,0
0,3,1,2,3,1,3,3,3
0,1,1,4,0,2,3,1,4,4
4,0,3,0,1,0,3,3,3,4
3,3,2,0,3,2,1,0,0,0
2,3,0,1,0,4,1,2,1,1
1,4,4,4,1,1,1,4,4,1
3,3,1,3,3,0,0,2,0,1
0,1,3,1,4,1,4,2,2,2
0,1,2,3,2,3,3,3,1,2
4,2,0,1,2,2,4,4,0,3
4,2,3,4,2,1,3,2,3,4,2 
2,4,2,3,1,4,3,0,3,3,0 
3,1,2,3,0,0,4,0,0,1,2
3,1,4,1,4,3,1,3,0,2,2
2,4,1,4,1,2,1,0,1,4,1
4,4,0,4,3,3,0,1,2,2,4
4,0,3,1,2,4,3,3,0,2,1
4,4,1,2,4,2,3,2,3,2,0
0,0,3,2,1,2,3,3,0,3,1 
By theorem 1, the S-chain formed by dual code of the above subcodes in Theorem 1 are as follows. 
Theorem 2.  There are the following S-chains. 
(1) 5555 ]2,9,10[]3,7,10[]4,6,10[]4,5,10[ ⊂⊂⊂ ;
(2) 55555 ]2,11,12[]3,9,12[]4,8,12[]4,7,12[]6,6,12[ ⊂⊂⊂⊂ ;
(3) 555555 ]2,13,14[]3,11,14[]4,10,14[]4,9,14[]5,8,14[]6,7,14[ ⊂⊂⊂⊂⊂ ;
(4) 555555 ]2,15,16[]3,13,16[]4,11,16[]5,10,16[]5,9,16[]7,8,16[ ⊂⊂⊂⊂⊂ ;
3451Luobin Guo et al. / Procedia Engineering 29 (2012) 3448 – 34534 Author name / Procedia Engineering 00 (201 ) 000–000 
(5) 5555555 ]2,17,18[]3,15,18[]4,13,18[]4,12,18[]5,11,18[]6,10,18[]7,9,18[ ⊂⊂⊂⊂⊂⊂ ;
(6) 555555 ]3,17,20[]4,15,20[]5,13,20[]5,12,20[]6,11,20[]8,10,20[ ⊂⊂⊂⊂⊂ ;
(7) 55555 ]3,19,22[]4,17,22[]5,15,22[]6,13,22[]8,11,22[ ⊂⊂⊂⊂ .
3. Subcodes chain of maximal self-orthogonal  codes over 5F and S-chains 
We get the generate matrices of maximal  self-orthogonal codes 21119 ,,, CCC L  by deleting the first 
row and first column of the generate matrices of 221210 ,,, CCC L , respectively. Using  similarly 
discussion as in section 3, we can obtain Theorem 3 and Theorem 4 as follows. Their coefficient matrices 
of subcodes  of these self-orthogonal codes  are given in table 3. 
Theorem 3 Let  be odd and 9 21n≤ ≤ . Then there are the following code chains of self-orthogonal 
codes:
(1) 55 ]6,3,9[]9,1,9[ ⊂ , with dual distance  be 2, 3; 
(2) 55 ]7,3,11[]11,1,11[ ⊂ , with dual distance  be 2, 3; 
(3) 555 ]6,5,13[]9,3,13[]13,1,13[ ⊂⊂ , with dual distance  be 2, 3, 4; 
(4) 555 ]8,5,15[]10,3,15[]15,1,15[ ⊂⊂ , with dual distance  be 2, 3, 4; 
(5) 5555 ]7,7,17[]9,5,17[]12,3,17[]17,1,17[ ⊂⊂⊂ , with dual distance  be 2, 3, 4, 5;  
(6) 5555 ]8,8,19[]8,7,19[]10,5,19[]13,3,19[ ⊂⊂⊂ , with dual distance  be 3, 4, 5, 6; 
(7) 5555 ]8,9,21[]9,7,21[]12,5,21[]15,3,21[ ⊂⊂⊂ , with dual distance  be 3, 4, 5, 6.  
Table 3. Coefficient matrices of generator matrix of subcodes  
9B 11B 13B 15B 17B 19B 21B
4,3,4,4 
3,2,1,0 
0,4,3,3 
3,4,3,2,0 
0,1,3,4,2 
2,0,1,4,0 
3,3,1,0,2,4 
4,4,3,3,3,3 
3,2,2,0,1,1 
2,3,0,1,4,2 
2,1,2,1,4,3 
3,3,1,0,4,1,4 
1,4,3,0,3,4,3 
2,0,1,1,0,2,2 
4,1,1,0,4,1,3 
0,1,3,2,1,4,1 
0,2,2,2,0,2,1,2 
4,0,4,4,0,0,1,3 
1,4,1,3,4,3,4,3 
2,3,3,2,1,3,3,0 
1,2,2,0,3,4,0,1 
2,1,1,2,2,4,4,2 
1,0,1,4,2,3,1,0 
4,0,0,4,4,4,1,3,3 
0,2,1,0,1,4,2,3,1 
1,4,3,0,0,1,3,4,0 
2,2,2,4,3,2,3,1,2  
0,4,4,0,2,4,1,2,1 
3,2,1,4,4,0,1,3,4 
0,2,1,1,0,2,2,2,0 
0,0,3,1,1,0,1,0,3 
1,0,2,4,2,3,3,4,2,1 
0,4,4,1,2,3,3,4,1,4 
0,4,4,2,1,0,3,3,1,2 
4,4,1,2,4,4,4,4,4,0 
2,3,4,1,2,3,1,3,2,2 
4,0,0,1,4,2,4,2,2,1 
3,1,4,0,2,4,0,3,2,3 
3,0,0,0,4,0,2,1,1,2 
0,0,3,0,0,0,2,4,3,0 
By theorem 3, the S-chain formed by dual code of the above subcode of maximal self-orthogonal codes 
over 5
F
  are as follows. 
Theorem 4. There are the following S-chains. 
(1) 55
]2,8,9[]6,3,9[ ⊂
;
(2) 555
]2,10,11[]3,8,11[]5,6,11[ ⊂⊂
;
(3) 5555
]2,12,13[]3,10,13[]4,8,13[]5,7,13[ ⊂⊂⊂
;
(4) 5555
]2,14,15[]3,12,15[]4,10,15[]6,8,15[ ⊂⊂⊂
;
(5) 5555
]2,16,17[]3,14,17[]4,12,17[]5,9,17[ ⊂⊂⊂
;
(6) 55555
]3,16,19[]4,14,19[]5,12,19[]6,11,19[]7,10,19[ ⊂⊂⊂⊂
;
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(7) 55555
]3,18,21[]4,16,21[]5,14,21[]6,12,21[]7,11,21[ ⊂⊂⊂⊂
 . 
Remark: For 22,21,20,19=n ,  there are also subcode chains 55 ],3,[],1,[ dnnn ⊂ , their dual codes 
form S-chains 55
]2,1,[]3,3,[ −⊂− nnnn
. Their coefficient matrices n
B'
of subcodes  of these   
self-orthogonal codes  are given in table 4. 
Table 4. Coefficient matrices of three dimensional subcodes 
20'B 22'B 19'B 21'B
2,2,3,3,3,1,4,3,3,1 
0,3,1,0,1,4,3,3,3,0 
1,4,1,0,3,3,2,4,0,1 
4,2,4,3,3,1,2,4,4,2,3
4,4,4,0,3,2,4,4,3,0,2
2,0,3,3,0,4,2,4,3,0,1
1,2,1,2,2,4,3,2,2
1,4,3,1,4,0,2,4,0
1,0 0,1,3,2,1,1,2
3,4,3,3,1,1,4,3,1,2
4,3,3,0,0,1,3,2,1,3
2,2,4,0,2,1,1,0,0,4
4. Construction of quantum codes 
Using S-chains obtained in Theorem 2, Theorem 4 and table 4, many quantum codes of distance 3, 4, 5, 
6, 8 can be constructed via Steane’s construction. 
Theorem 5. Let n  satisfy 229 ≤≤ n , then  there exist following quantum codes over 5F .
(1) 5
]]3,6,10[[
, 5
]]3,5,10[[
 , 5
]]4,2,10[[
; 5
]]3,8,12[[
, 5
]]4,4,12[[
, 5
]]5,2,12[[
; 5
]]3,10,14[[
,
5]]4,6,14[[ , 5]]5,4,14[[ ; 5]]3,12,16[[ , 5]]4,8,16[[ , 5]]5,4,16[[ , 5]]6,2,16[[ ; 5]]3,14,18[[ ,
5]]4,10,18[[ , 5]]5,6,18[[ , 5]]6,4,18[[ ; 5]]3,16,20[[ , 5]]4,12,20[[ , 5]]5,8,20[[ , 5]]6,4,20[[ ;
5]]3,18,22[[ , 5]]4,14,22[[ , 5]]5,10,22[[ , 5]]6,4,22[[ , 5]]8,2,22[[ .
(2) 5
]]3,5,9[[
;. 5
]]3,7,11[[
, 5
]]4,3,11[[
; 5
]]3,9,13[[
, 5
]]4,5,13[[
; 5
]]3,11,15[[
, 5
]]4,7,15[[
,
5]]5,3,15[[ ; 5]]3,13,17[[ , 5]]4,9,17[[ , 5]]5,5,17[[ ; 5]]3,15,19[[ , 5]]4,11,19[[ , 5]]5,7,19[[ ,
5]]6,3,19[[ ; 5]]3,17,21[[ , 5]]4,13,21[[ , 5]]5,9,21[[ , 5]]6,5,21[[ .
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